INVARIANT DIFFERENTIAL OPERATORS ON 
SIEGEL-JACOBI SPACE 

JAE-HYUN YANG 

Abstract. For two positive integers m and n, we let M n be the Siegel upper half 
plane of degree n and let C^ m '™- ) be the set of all m X n complex matrices. In this 
article, we study differential operators on the Siegel- Jacobi space H„ x C*™'™) that 
are invariant under the natural action of the Jacobi group Sp(n, K) x JTi" on 
EL, x <C\ m ' n \ where H^' m ' denotes the Heisenberg group. We give some explicit 
invariant differential operators. We present important problems which are natural. 
We give some partial solutions for these natural problems. 



(N 



3 



o 
in 

q 



1. Introduction 

For a given fixed positive integer n, we let 

l n ={OGC M |fi= i n, lmft>0} 



be the Siegel upper half plane of degree n and let 



Sp(n,R) = {M G M (2 "' 2n) | l MJ n M = J n } 

be the symplectic group of degree n, where F^ k '^ denotes the set of all k x I matrices 
Q ■ with entries in a commutative ring F for two positive integers k and I, l M denotes 

the transpose matrix of a matrix M and 

j f In 

Sp(n, M) acts on M n transitively by 



(1.1) M-tt = (An + B)(Ctt + D)- 1 , 

where M = ( c D j G 5p(n,R) and ft G H n . 



For two positive integers m and n, we consider the Heisenberg group 

^™- m ) = { (A,/i; K)\\,fte M (m ' n) , « G R( m - m ), n + fi'X symmetric } 
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endowed with the following multiplication law 

(A, /i; k) o (A', h'\ k') = (A + A', n + //; k + k! + A t fi — \x 'A') 

with (A,/i; k), (A', //; «') G H^ . We define the semidirect product of 5p(n, R) and 

Tr{n,m) 

G J = Sp(n,M)Ki4"' m) 
endowed with the following multiplication law 

(M, (A, //;«)) • (M', (A', //;«;')) = (MM', (A + A',/2 + //; k + «' + A V - j5*V )) 

with M,M' G Sp(n,R), (A,/i; «), (A',//; «') G F^ n,m) and (A,/2) = (A,/i)M'. Then G J 
acts on H n x C^ m ' n ^ transitively by 

(1.2) (M, (A, n; «)) • (fi, Z) = (m • fi, (Z + Afi + //)(Cfi + D)" 1 ) , 

where M = ( ^ ^ J G Sp(n,R), (A,//;k) G f4"' m) and (O, Z) G H„ x d m '"). We 

note that the Jacobi group G J is not a reductive Lie group and that the homogeneous 
space M n x & m ' n 1 is not a symmetric space. We refer toPElElESlIMlESlEZlESl 
I2UI [501 I3~T] about automorphic forms on G J and topics related to the content of this 
paper. From now on, for brevity we write HL^ = H n x C^ m ' n \ called the Siegel- Jacobi 
space of degree n and index m. 

The aim of this paper is to study differential operators on H„ )TO which are invari- 
ant under the natural action (1.2) of G J . The study of these invariant differential 
operators on the Siegel- Jacobi space H njOT is interesting and important in the aspects 
of invariant theory, arithmetic and geometry. This article is organized as follows. In 
Section 2, we review differential operators on H n invariant under the action (1.1) of 
Sp(n, R). We let D(H n ) denote the algebra of all differential operators on H n that are 
invariant under the action (1.1). According to the work of Harish- Chandra [HE], we 
see that D(H n ) is a commutative algebra which is isomorphic to the center of the uni- 
versal enveloping algebra of the complexification of the Lie algebra of Sp(n,M.). We 
briefly describe the work of Maass [H] about constructing explicit algebraically inde- 
pendent generators of D(H n ) and Shimura's construction [18] of canonically defined 
algebraically independent generators of D(H n ). In Section 3, we study differential 
operators on HL^ invariant under the action (1.2) of G J . For two positive integers 
m and n, we let 

T n>m = { (w, z) | u = 'to G C (n ' n) , z G C {m ' n) } 

be the complex vector space of dimension -^ — - + van. From the adjoint action of 
the Jacobi group G J , we have the natural action of the unitary group U(n) on T nm 
given by 

(1.3) u-(co,z)= (uu t u,z t u), u<EU(n), (u>, z) G T n>m . 
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The action (1.3) of U(n) induces canonically the representation r of U(n) on the 
polynomial algebra Pol(T nm ) consisting of complex valued polynomial functions on 
T n>m . Let Pol(T n>m ) u ^ denote the subalgebra of Pol(T„ i?n ) consisting of all polyno- 
mials on T n ^ m invariant under the representation r of U(n), and D(H njm ) denote the 
algebra of all differential operators on M. n ^ m invariant under the action (1.2) of G J . We 
see that there is a canonically defined linear bijection of Pol(T n ^ m ) u( - n ^ onto D(H njm ) 
which is not multiplicative. We will see that D(H nm ) is not commutative. The main 
important problem is to find explicit generators of Yo\{T n ^ m ) u ^ n ' and explicit gener- 
ators of D(H n)TO ). We propose several natural problems. We want to mention that 
at this moment it is quite complicated and difficult to find the explicit generators of 
D(H njm ) and to express invariant differential operators on H„ im explicitly. In Section 
4, we gives some examples of explicit G J -invariant differential operators on H„ im that 
are obtained by complicated calculations. In Section 5, we deal with the special case 
n = m = 1 in detail. We give complete solutions of the problems that are proposed in 
Section 3. In Section 6, we deal with the case that n = 1 and m is arbitrary. We give 
some partial solutions for the problems proposed in Section 3. In the final section, 
using these invariant differential operators on the Siegel-Jacobi space, we discuss a 
notion of Maass-Jacobi forms. 
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Institut fiir Mathematik in Bonn. I am very grateful for the hospitality and financial 
support. I also thank the National Research Foundation of Korea for its financial 
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Freitag, Rainer Weissauer, Hiroyuki Ochiai and Minoru Itoh for their interests in this 
work and fruitful discussions. 

Notations: We denote by Q, R and C the field of rational numbers, the field of 
real numbers and the field of complex numbers respectively. We denote by Z and Z + 
the ring of integers and the set of all positive integers respectively. The symbol ":=" 
means that the expression on the right is the definition of that on the left. For two 
positive integers k and I, F^^ denotes the set of all k x I matrices with entries in a 
commutative ring F. For a square matrix A E F^ k,k "> of degree k, tr(A) denotes the 
trace of A. For any M E F^' 1 ', l M denotes the transpose matrix of M. I n denotes 
the identity matrix of degree n. For A E F^ k ' 1 ^ and B E F^ k ' k \ we set B[A] = l ABA. 
For a complex matrix A, A denotes the complex conjugate of A. For A E C^ fc '^ and 
B E C( k ' k \ we use the abbreviation B{A} = l ABA. For a positive integer n, I n 
denotes the identity matrix of degree n. 
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2. Invariant Differential Operators on the Siegel Space 



For a coordinate Q 



[OJi 



G M n , we write Q = A + i Y with A = (xy), K = (i/r,) 



real. We put dil = (dcuij) and dfl = (dujij). We also put 



d_ 

an 



l + 8 i:j d 



Ouj. 



ij 



Then for a positive real number A, 



(2.1) 



ds l;A 



and -= 



Atr [Y^dnY^dn 



l + 5a d 



u 



dui 



is a Sp(n, M)-invariant Kahler metric on H n (cf. [T9| 20J) , where tr(M) denotes the 
trace of a square matrix M. H. Maass (13] proved that the Laplacian of ds\. A is given 
by 



(2.2) 
And 



A 



n:A 



4 (*(„d \ d 
-tr [Y \Y^ — 

a l V on) on 



dv n {9) = (detF)- (n+1) J] dxij J] dy 4i 

is a Sp(n, M)-invariant volume element on H n (cf. [20, p. 130]). 

For brevity, we write G = Sp(n, R). The isotropy subgroup A at il n for the action 
(1.1) is a maximal compact subgroup given by 



K 



A -B 
B A 



A t A + B t B = I n , A t B = B t A, A,B G 



>(n,n) 



Let t be the Lie algebra of A'. Then the Lie algebra q of G has a Cartan decomposition 
g = t © p, where 







Ai A 2 
A, -'A 



J J A l5 A 2 , A 3 6 M< n ' n \ A 2 = %, A 3 = % J 

*a + a = 0, y = *y 



a -y 
y a 

a y 
y -a 



>(2n,2n) 



X 



'a, y = *y, a, y g 



)(n,n) 



The subspace p of may be regarded as the tangent space of H n at il n . The adjoint 
representation of G on g induces the action of A on p given by 

(2.3) k- Z = kZ f k, k G A, Z G p. 

Let T n be the vector space of nxn symmetric complex matrices. We let \I/ : p — > T n 
be the map defined by 



(2.4) 
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We let 5 : K — > U(n) be the isomorphism defined by 

(2.5) 8((i -?)) = A + iB, (i -?)eK, 



n S A J J ' ' \B A / 

where U(n) denotes the unitary group of degree n. We identify p (resp. K) with T n 
(resp. U(n)) through the map \I/ (resp. 5). We consider the action of U(n) on T n 
defined by 

(2.6) h-u=hu t h, heU{n), u eT n . 

Then the adjoint action (2.3) of K on p is compatible with the action (2.6) of U(n) 
on T n through the map \1/. Precisely for any k G K and Z G p, we get 

(2.7) V(kZ t k)=6(k)V{Z) t 6(k). 

The action (2.6) induces the action of U(n) on the polynomial algebra Pol(T n ) and the 
symmetric algebra S(T n ) respectively. We denote by Pol(T n ) (7(ra ) f resp. S(T n ) u ^ J 

the subalgebra of Pol(T n ) (resp. S(T n ) ) consisting of [/(n)-invariants. The following 
inner product ( , ) on T n defined by 

(Z,W)= tr(ZW), Z,WeT n 
gives an isomorphism as vector spaces 

(2.8) T n =T* n , Z^f Zj ZeT nj 

where T* denotes the dual space of T n and fz is the linear functional on T n defined 
by 

fz(W) = (W,Z), WeT n . 

It is known that there is a canonical linear bijection of S(T n ) u ^ onto the algebra 
0(HI n ) of differential operators on M. n invariant under the action (1.1) of G. Identifying 
T n with T* by the above isomorphism (2.8), we get a canonical linear bijection 

(2.9) 9 n : Pol{T n ) u M —> D(H n ) 

of Pol(T n ) u ( n ^ onto D(H n ). The map B n is described explicitly as follows. Similarly 
the action (2.3) induces the action of K on the polynomial algebra Pol(p) and the 
symmetric algebra S(p) respectively. Through the map \1/, the subalgebra Pol(p) A of 
Pol(p) consisting of ii'-invariants is isomorphic to Po\(T n ) u ( n > . We put iV = n(n + 1). 
Let {£, a | l<a<iV}bea basis of a real vector space p. If P G Po^p)^, then 

(2.10) (e n (P)f)(gK) = P (JA f Uexp I f^uJ K 



V Q = 1 



(ta)=0 



where / G C°°(H n ). We refer to [9j [10] for more detail. In general, it is hard to 
express $(P) explicitly for a polynomial P G Pol(p) K . 

According to the work of Harish-Chandra [3 IB], the algebra D(H n ) is generated 
by n algebraically independent generators and is isomorphic to the commutative ring 



n. 
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C[xi, ■ ■ ■ , x n ] with n indeterminates. We note that n is the real rank of G. Let gc be 
the complexification of g. It is known that D(H n ) is isomorphic to the center of the 
universal enveloping algebra of Qc ■ 

Using a classical invariant theory (cf. [TTj I2TJ . we can show that Pol(T n ) u ( n ' is 
generated by the following algebraically independent polynomials 

(2.11) q,{uj)= tr((waJ) J ), u G T n , j = l,2,- 

For each j with 1 < j < n, the image Q n (qj) of qj is an invariant differential 
operator on M. n of degree 2j. The algebra D(H n ) is generated by n algebraically 
independent generators Q n (qi), ©nfe), • • • > ®n(q n )- In particular, 

( Y d \ d \ 

(2.12) Q n (qi) = citrl Y I Y^= I — - for some constant c\. 

V V dVtj oil J 

We observe that if we take u = x+iyET n with real x, y, then q\(uj) = qi(x,y) = 
tr(x 2 + y 2 ) and 

g 2 (w) = qz{x,y) = tr( (x 2 + y 2 ) + 2x(xy -yx)y). 



It is a natural question to express the images n (<7j) explicitly for j = 2, 3, • • • , n. 
We hope that the images Q n (Qj) f° r j — 2, 3, • • • , n are expressed in the form of the 
trace as $(gi). 

H. Maass [H] found algebraically independent generators H t , H 2 , ■ ■ ■ , H n of D(H n ). 

We will describe Hi, H 2 , ■ ■ ■ , H n explicitly. For M = I p n J 6 Sp(n, E) and fi = 

1 + J76 H„ with real X, Y, we set 

fi* = M-Q = X* + iF* with X*, F* real. 



We set 



X = fQ -tt )— = 2iY — 
A* = (n,-G>)-^=2iY.-^. 

K ' on, on* 

Then it is easily seen that 

(2.13) K,= t {CQ + D)- lt {{CQ + D) t K}, 

(2.14) A,= t {CQ + D)- lt {{CQ + D) t A} 
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and 

tn _1_ 1 

(2.15) *{(CfiH-D)*A} = A^CQ + D)-— -(fl-fi)f. 

Using Formulas (2.13), (2.14) and (2.15), we can show that 

77 + 1 *f V 77 + 1 

(2.16) A„ic + -^-k* = '(cn + D)- 1 Ucn + D) (ak + -^-k 

Therefore we get 

(2.17) trU*K* + ^^ K *) = tT ( AK + ^-^ K ) ■ 
We set 

(2.18) A« = AK + ^±itf. 

We define A^ (j — 2, 3, • • • , n) recursively by 

(2.19) A<>"> = A^A^-^^AA^ + -Atr{A^) 

+ I(Q-n) i {(Q-n)- 1 *(*A t A^- 1 ))}. 

We set 

(2.20) ^=tr(^)), j = 1,2, ••-,77. 

As mentioned before, Maass proved that Hi, H2, ■ ■ • , H n are algebraically independent 
generators of D(H n ). 

In fact, we see that 

/ V <9 \ d 

(2.21) -#1 = A n; i = 4tr [Y [Y 



dnjdn 

is the Laplacian for the invariant metric ds^ on M n . 

Conjecture. For j — 2, 3, • • • , n, Q n (qj) = Cj Hj for a suitable constant Cj. 

Example 2.1. We consider the case n — 1. The algebra Pol(Ti) c/ ( 1 ^ is generated by 
the polynomial 

q(u>) = ujuJ, u = x + iy G C with x, y real. 
Using Formula (2.10), we get 

/ d 2 d 2 

61(g) = 4y 2 (^ + 



v dx 2 dy 2 
Therefore D(Hi) = C [61(g)] = C[#i]. 



JAE-HYUN YANG 



Example 2.2. We consider the case n — 2. The algebra Pol(T 2 ) u ^ is generated by 
the polynomial 

qi(u) — tr (wu;), 92 (w) = trf (ww) J, ueT 2 . 

Using Formula (2.10), we may express 62(91) and 62(92) explicitly. ©2(91) is 
expressed by Formula (2.12). The computation of ©2(92) might be quite tedious. We 
leave the detail to the reader. In this case, ©2(92) was essentially computed in [I], 
Proposition 6. Therefore 

D(H 2 ) = C[0 2 (9i),©2(92)] = C[H^H 2 ). 
In fact, the center of the universal enveloping algebra ^(gc) was computed in [3]. 



G. Shimura [18] found canonically defined algebraically independent generators 
of D(H„). We will describe his way of constructing those generators roughly. Let 
Kc, 9c? $c, Pc? " " " denote the complexication of K, g, t, p, ■ ■ • respectively. Then we 
have the Cartan decomposition 

0c = *c + Pc, Pc = Pc + Pc 
with the properties 

[«c. Pel c Pc, [Po Pel = [Po Pel = (0}> fee, Pc] = *c, 
where 

X\ X 2 

' 'A -B 

B A 



9c 



) I x u x 2 ,x 3 g c^ n \ x 2 = l x 2l x 3 = f x 3 1 , 

f- /p(2n,2ra) 



l A + A = 0, B = l B 



Pc 
Pj 



X Y 



Y 


-x) 


Z 


iZ\ 


iZ 


-z) 


Z 


-iZ 



e C (2n ' 2n) X= t X,Y= t Y}, 



-iZ -Z 



e c (2n,2n) z = l z e C (n ' n) \ , 



e C (2n,2n) 



z = l z e C (n,n) 



For a complex vector space W and a nonnegative integer r, we denote by Pol r (W / ) 
the vector space of complex- valued homogeneous polynomial functions on W of degree 
r. We put 



PoV{W) :=J2Pol s (W). 



s=0 



M\ r (W) denotes the vector space of all C-multilinear maps of W x • • • x W (r copies) 
into C. An element Q of ML^W 7 ) is called symmetric if 
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for each permutation 7r of {1, 2, • • • , r}. Given P G Pol r (W), there is a unique element 
symmetric element P* of Ml r (W) such that 

(2.22) P(x) = P*(x, ■ ■ ■ , x) for all x G W. 

Moreover the map P \- > P* is a C-linear bijection of PoL.(W) onto the set of all 
symmetric elements of Ml r (W). We let S r (W) denote the subspace consisting of all 
homogeneous elements of degree r in the symmetric algebra S(W). We note that 
Pol r (W) and S r (W) are dual to each other with respect to the pairing 

(2.23) (a, x± • • • x r ) — a*(xi, • • • ,x r ) (xi G W, a G Po\ r (W)). 

Let p c be the dual space of pc, that is, p^ = Poli(pc). Let {X±, • • • , X^} be a basis 
of pc and {Y±, • • • , Yn} be the basis of p c dual to {X u }, where N = n(n + 1). We 
note that Pol r (pc) and Pol r (p c ) are dual to each other with respect to the pairing 

(2.24) (a,/3) = ^a,(X, 1 ,---,X v )/3,(F n ,---,F v ), 

where a G PoL(pc), ft G Pol r (p£) and (i 1; • • • ,i r ) runs over {1, • • • ,N} r . Let ^(flc) 
be the universal enveloping algebra of 0c an d % p {Qc) its subspace spanned by the 
elements of the form V\ • ■ ■ V s with Vi G 0c and s < p. We recall that there is a C-linear 
bijection ip of the symmetric algebra S(qc) of 0c onto ^(flc) which is characterized 
by the property that ip{X r ) = X r for all X G 0c- For each a G PoL(p^) we define an 
element u>(a) of ^(flc) by 

(2.25) u(a) := J2 a *( Y ^ ' ' ' > Y ^) x h ' ' •**, 

where (i±, ■ • • , i r ) runs over {1, • • • , N} r . If Y G pc, then Y r as an element of Pol r (p£.) 
is defined by 

Y r (u) = Y(u) r for all u G p c . 

Hence (F r )*(-ui, • • • ,u r ) = Y{u\) • • -Y(u r ). According to (2.25), we see that if ai^UYi) 
P(ti, ■ ■ ■ , tjv) for ti G C with a polynomial P, then 

(2.26) u(a)= 4>(P(X ir -. ,X N )). 

Thus w is a C-linear injection of Pol(p^) into ^(0c) independent of the choice of 
a basis. We observe that w(Pol r (p c )) = ^>(<SV(pc))- It is a well-known fact that if 
«!,••• , a m G Pol r (pc), then 

(2.27) w(ai---a m )-w(a m )---w(ai) G ^ r ~ 1 (flc)- 

We have a canonical pairing 

(2.28) ( , ) : PoL(p+) x Pol r (Pc) — ► C 
defined by 

(2.29) (/,^) = ^/,(X n ,---,X lr )^(F n ,---,F lr ), 

where /* (resp. #*) are the unique symmetric elements of ML.(p,jt) (resp. Ml r (p^)), 
and {Xi, ■ ■ ■ ,Xfi} and {Y±, ■ ■ ■ ,Y^} are dual bases of pj and p^ with respect to 
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n(n+l) 



the Killing form B(X, Y) = 2(n + 1) tr(XY), N = ^£2, and (zi, 

The adjoint representation of Kc on p^ induces the representation of Kc on 
Pol r (p^). Given a iic-irreducible subspace Z of PoL.(pJ), we can find a unique 
fCc-hreducible subspace W of PoL(p^) such that Pol r (p^) is the direct sum of W 
and the annihilator of Z. Then Z and W are dual with respect to the pairing (2.28). 
Take bases {(j, • • • , ( K } of Z and {£i, • • • , £ K } of W that are dual to each other. We 
set 

K 

(2.30) f z (x, y)=J2 ^ kfe) ( x G Pc> 2/ G Pc)- 

i/=i 

It is easily seen that fz belongs to Pol2r(pc) X and is independent of the choice of 
dual bases {(„} and {£„}. Shimura [18] proved that there exists a canonically de- 
fined set {Z 1; ■ •• , Z n } with a A^-irreducible subspace Z r of Pol r (p<£) (1 < r < n) 
such that /z i; • • • , fz n are algebraically independent generators of Pol(pc)^- We can 
identify pj with T n . We recall that T n denotes the vector space ofnxii symmet- 
ric complex matrices. We can take Z r as the subspace of Pol r (T n ) spanned by the 
functions f a;r (Z) = det r ( *a.Za) for all a G GL(n,C), where det r (x) denotes the de- 
terminant of the upper left r x r submatrix of x. For every / G Pol(pc) x , we let 
£l(f) denote the element of D(H n ) represented by w(/). Then D(H„) is the polyno- 
mial ring C[oj(fz 1 ), • • ■ ,w(fz n )] generated by n algebraically independent elements 
w{fzi)r~ ,w(/ Zn ). 



3. Invariant Differential Operators on Siegel-Jacobi Space 

The stabilizer K J of G J at (il n , 0) is given by 

K J = | (k, (0, 0; k)) J k G K, k = 1 k G R {m ' m) ]. 

Therefore H niTO = G J /K J is a homogeneous space of non-reductive type. The Lie 
algebra g J of G J has a decomposition 

J = F + p J , 

where 

q j = | (Z, (P, Q, P)) | Z G g, P, Q G R (m ' n) , R= l Re M (m ' m) }, 

F = |(x, (0,0, P)) I let, P= 'flGR M l 
p J = | (y, (p, g, o)) | y g p, p, g g M (m - n) }. 

Thus the tangent space of the homogeneous space EI nm at (il n , 0) is identified with 
P J - 
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Xi Y\ \ , „ „ „ N \ , if X 2 Y 2 



lia = [[ Zl _x i J,(PuQuRi)j and/3= ((^ _£) ,(P 2 ,Q 2 ,R 2 ) ) are 

elements of q j , then the Lie bracket [a, /3] of a and (3 is given by 

(3.1) [a,0\ = ((** J£*) lip*,*);*)) » 



where 



A = X1X2 — X2X1 + Y\Z 2 — Y 2 Z±, 

Y = X{Y 2 — X 2 Yi + Y 2 Xi — Y\ X 2l 

Z = Z\X 2 — Z 2 X\ + X 2 Z\ — X\Z 2l 

P* = P 1 X 2 -P 2 X 1 + Q 1 Z 2 -Q 2 Z 1 , 

Q* = P 1 Y 2 -P 2 Y 1 + Q 2 t X 1 -Q l t X 2 , 

R* = Pi t Q2-P2 t Qi + Q2 t Pi-Qi t P2 



Lemma 3.1. 



[f J ,{ J ]ct J , [Z J ,p J }cp J . 

Proof. The proof follows immediately from Formula (3.1). □ 

Lemma 3.2. Let 

kJ =((i ~f),(o,o,^GX J 

with („ ~f ) e if, k = 'k e M (m - m) and 

with X = 'X, Y = l Y E M ( "' n) , P,QG ]R( m ' n ). T/ien the adjoint action of K J on p J 
is given by 

(3.2) Ad(k J )a=((y* _$Y(P.,Q.,0) 

(3.3) X, = AX l A - [BX l B + BY l A + AY l B) , 

(3.4) n = (AX '5 + AF l A + PX *A) - BY *B, 

(3.5) P* = P'A-Q'B, 

(3.6) Q* = P'B + Q'A. 

Proof. We leave the proof to the reader. □ 
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We recall that T n denotes the vector space of all n x n symmetric complex matrices. 
For brevity, we put T nm := T n x C^ m ' n \ We define the real linear map $ : p J — > T n m 

by 

(3.7) $(Y* J x \(P,Q,0)\ = (X + iY,P + iQ), 

where (* _^)ep and P,Q G M (m ' n) . 

Let S(n, R) denote the additive group consisting of all nxn real symmetric matrices. 
Now we define the isomorphism 6 : K J — > U(n) x S(n, R) by 

(3.8) 0(/i,(O,O,«)) = (<J(/i),«), fteif,KG%l), 

where <5 : i\~ — >■ U(n) is the map defined by (2.5). Identifying R( m > n ) x ]R( m ' n ) with 
C (m ' n) , we can identify p J with T n x C (m ' n) . 

Theorem 3.1. Tne adjoint representation of K J on p J is compatible with the natural 
action of U(n) x S(n, M.) on T„ )m defined by 

(3.9) (h,K)-(u,z) :={hbj l h, z l h), h G U{n), k G S{n,R), (u,z) G T n , m 

through the maps $ and 0. Precisely, if k J G -ft'' 7 and a G p J ; iaen we nave £/ie 
following equality 

(3.10) $ (Ad(A; J ) a) =fl(A; J ) •$(«). 

i/ere we regard the complex vector space T n , m as a real vector space. 



Proof. Let 

' A ~ B \ in n ,-, \ a. k-i 



~*Y(0,0,«)) 6F 



with ( "f ) G K, k = *K G M (m - m) and 

with X = *X, Y = *y G M ( "' n) , P, Q G R( m <"). Then we have 

0(A; J )-$(a) = (A + iB,K) -(X + iY,P + iQ) 

= ((A + iB)(X + iY) \A + iB), (P + iQ) '(A + iB)) 
= (X + iY*, P* + iQ*) 

= $(Ad(A; J )Q;) (by Lemma 3.2), 
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where X*, Y#, Z* and Q* are given by the formulas (3.3), (3.4), (3.5) and (3.6) respec- 
tively. □ 

We now study the algebra D(H„ jm ) of all differential operators on M. n<m invariant 
under the natural action (1.2) of G J . The action (3.9) induces the action of U(n) on 
the polynomial algebra Pol njm := Pol (T nm ). We denote by Pol^™' the subalgebra of 
Pol njm consisting of all [/(^-invariants. Similarly the action (3.2) of K induces the 
action of K on the polynomial algebra Pol (p J ) . We see that through the identification 
of p J with T nm , the algebra Pol(p J ) is isomorphic to Pol n>m . The following U(n)- 
invariant inner product ( , )* of the complex vector space T ntTn defined by 

((w,z),(cy,zO)* = tr(c^7)+tr(W), (u,z), (u',z') eT nt7n 

gives a canonical isomorphism 

J-n,m = J-n,m,i ( W ) Z ) ^ Ju,z, {& , Z) G l n ,mi 

where f uz is the linear functional on T nm defined by 

U,z((u r ,z')) = ((fa/jzO^w,*)),, (uj',z') 6 T n _ m . 

According to Helgason ([10J, p. 287), one gets a canonical linear bijectionof S(T njm ) u ^ 
onto D(HI nim ). Identifying T n}Tn with T* m by the above isomorphism, one gets a nat- 
ural linear bijection 

e n , m : Po£<y — > D(e n , m ) 

of PolJ^ onto D(H n/m ). The map nim is described explicitly as follows. We put 
N+ = n(n + 1) + 2mn. Let {rj a \ 1 < a < N* } be a basis of p J . If P G Pol(p J )^ = 
Pol^y, then 



N * 

j 



(t a )=o 



(3.11) (& n , m (P)f)(gK J )= p(J^f(gewn^t aVa ]K 

where / G C°°(EI„ jm ). In general, it is hard to express n , m (-P) explicitly for a 
polynomial P G Pol(p J )^. We refer to [10J, p. 287. 

We present the following basic [/(ra)-invariant polynomials in Pol n ^. 

(3.12) qj(u,z) = tr((u u) j+1 ), 0<j<n-l, 

(3.13) a®(w,z)= Reiziuuy'z)^ < j < n - 1, 1 < k < p < m, 

(3.14) P%\w, z) = Im (z {uu) j t z) l , < j < n - 1, 1 < I < q < m, 

(3.15) /ipV, z) = Re (z (uw) j utykp, < j < n - 1, 1 < £; < p < m, 

(3.16) g k p (oj,z) = lm(z (uJu) J uJ t z) kp , < j < ra — 1, 1 < k < p < m, 
where uj G T n and z G C (m ' ra) . 
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m, 



We present some interesting U(n) -invariants. For an m x m matrix S, we define 
the following invariant polynomials in Pol^;^: 

(3.17) m^ s (co,z) = Re (tr(W + l zS^) j Y 1 < j < n, 

(3.18) m^(w,z) = Im(tr(u;aJ+ '^S^Y 1 < j < n, 

(3.19) i;s(^ z ) = Re (**((**£*)*)), l<k<m, 

(3.20) 9§kw,«) = Im(tr(('2Sz) fc )Y 1 < k < m, 

(3.21) Qfly^i*) = Re (triiuuJyCzSzf (uu + 'zSz) 3 
(3-22) *$,>>,*) = lm{tr((uujyCzS^ k (oouJ+ 'zSz)') 

where 1 < i,j < n and 1 < k < m. 

We define the following [/(n)-invariant polynomials in Pol n ^. 

(3.23) r$(w,z) = Re (det((u;uJ) j (*zz) fe )Y 1 < j < n, \<k< 

(3.24) rffj{u, z) = Im ( det ((coZJ) j ( t zt) k )\ 1 < j < n, \<k<m. 

We propose the following natural problems. 
Problem 1. Find a complete list of explicit generators of Pol n ^- ) . 

Problem 2. Find all the relations among a set of generators of Pol n ^\ 

Problem 3. Find an easy or effective way to express the images of the above invariant 
polynomials or generators of Pol^^ under the Helgason map n , m explicitly. 

Problem 4. Decompose Pol n;m into [/(n)-irreducibles. 

Problem 5. Find a complete list of explicit generators of the algebra D(H niTO ). Or 
construct explicit G J -invariant differential operators on H njm . 

Problem 6. Find all the relations among a set of generators of D(H nm ). 
Problem 7. Is Pol^/ finitely generated ? Is D(H„ jm ) finitely generated ? 

Quite recently Minoru Itoh [12] solved Problem 1 and Problem 7. 
Theorem 3.2. PoV n ^ is generated by 

1j (u,z), ag (w, z) , 0$ (u, z) , fj£ (w, z) and gjg (u, z) , 
where < j < n — 1, 1 < k < p < m and 1 < I < q < m. 
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4. Examples of Explicit G J -Invariant Differential Operators 

In this section we give examples of explicit G J -invariant differential operators on 
the Siegel-Jacobi space and the Siegel-Jacobi disk. 

For g = (M, (A,/i;k)) G G j with M = ( ^ ^ J G Sp(n,R) and (Q,Z) G H n , m , 
we set 

tt* = M-Q= X*+iY*, X^Kreal, 

Z* = {Z + XQ + f i){CQ + D)- 1 = U* + iV*, [/*,V*real. 

For a coordinate (fi, Z) G EI njm with VL = (co^ u ) and Z = (z k i), we put d£l, dQ, -^, ^= 
as before and set 

Z = U + iV, U = (uki), V = {v k i) real, 
dZ = (dz k i), dZ = (dz M ), 



d 


1 dzn 


8 \ 

dz m l 


d 




9 \ 


dZ~ 


u 


9 J 


' ~d2~ 


\9zin 


9 j 

&z mn / 



Then we can show that 

(4.1) dQ* = '{CQ + DyUQiCQ + D)- 1 , 

(4.2) dZ* = dZ(Ctt + D)- 1 

+ {X - (Z + XQ + fi){CQ + D)- l C) dQ{CQ + D)" 1 , 

(4.3) » = (OT + ^'jcon + DjIj 



+(cn + d) '{(c'z + c V - b'a) Y^) } 



and 



From |H p. 33] or [201 P- 128], we know that 
(4.5) F* = *(Cn + D)- 1 ^ (Cf2 + D)- 1 = \CVt + D)- l Y(CVL + D) _1 . 



16 JAE-HYUN YANG 

Using Formulas (4.1), (4.2) and (4.5), the author [29] proved that for any two 
positive real numbers A and B, 

dsl !m;AB = Atr^dnr 1 ^) 

+ Bhi(Y- lt VVY~ l dVLY~ l dTl\ + tr (Y- lt (dZ)dZ 
-tv(v Y- l dnY- lt (d~Z)\ - ti(vY- l dTiY- l \dZ)y> 

is a Riemannian metric on EI„ jm which is invariant under the action (1.2) of G J . 

The following lemma is very useful for computing the invariant differential opera- 
tors. H. Maass [J3] observed the following useful fact. 

Lemma 4.1. (a) Let A be an m x n matrix and B an n x I matrix. Assume that the 
entries of A commute with the entries of B. Then t (AB) = l B t A. 

(b) Let A, B and Cbeakxl, annxm and an m x I matrix respectively. Assume 
that the entries of A commute with the entries of B. Then 

\A \BC)) = B \A t C). 

Proof. The proof follows immediately from the direct computation. □ 

Using Formulas (4.3), (4.4), (4.5) and Lemma 4.1, the author [29J proved that the 
following differential operators Mi and M2 on H n)TO defined by 

( d V d 

(4.6) M 1= tr 7-U 

y J \ dZ \dZ 

and 

(4.7) m 2 . tr (r'(r|=)A) + t r (^./(4)^ 



on J oz ) V V dzj on 

are invariant under the action (1.2) of G J . The author [29J proved that for any two 
positive real numbers A and B, the following differential operator 

(4.8) &n,m;A,B= J M 2 + -Mi 

is the Laplacian of the G J -invariant Riemannian metric ds 2 nm . AB . 
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Proposition 4.1. The following differential operator K on EI njm of degree 2n defined 
by 

(4.9) K=det( y )det (-|-'(-| 

is invariant under the action (1-2) of G J . 

Proof. Let Im,(a,(i;k) denote the image of K under the transformation 
(Q, Z) i — > ((M-n, (Z + \tt + /j,)(Ctt + d)- 1 ) 

with M=(q B d J G Sp(n, R) and (A, /i; «) G H^' m) . If / is a C7 00 function on H ri 
using (4.4), (4.5) and Lemma 4.1, we have 



(C(i+c) A'{ (C(i+D) | 



tr */ a t 






Km,(a, m) / = det(y)|det(Cfi + D)|- 2 det 

= det(Y)\det(Cn + D)\~ 2 det 

= det(F)|det(L7fi + D)|~ 2 det 

= det(F) det (-?= (?L 
K ' \dZ \8Z 

= K/. 

Since M G Sp(n, M) and (A, \x\ k) G H^ are arbitrary, K is invariant under the 
action (1.2) of G J . ' D 

Proposition 4.2. The following matrix-valued differential operator T on M. n>m defined 
by 

(4.10) T= (-= )Y 



\dZj dZ 

is invariant under the action (1.2) of G J . 

Proof. Let Tm,(\,h;k) denote the image of IK under the transformation 
(n, Z) i — > ((M-n, (Z + \tt + /j,)(Ctt + d)- 1 ) 
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with M — I „ n j E Sp(n, R) and (A, /i; k) E H^ . If / is a C°° function on 
according to (4.4), (4.5) and Lemma 4.1, we have 

t m ,(a, WK )/ = f(cn+£>)^ '(cn+^-^cn + ^-^cn + D)^ 



EL 






dZ 



dZ 



f/ 9\ Y 9l 
dZj dZ 
T>. 



r (n,m) 



Since M e Sp(n : R) and (A,/i;/t) G ifjj ' are arbitrary, T is invariant under the 
action (1.2) of G J . ' "" D 



Corollary 4.1. Each (k,l)-entry T^i off given by 

d 2 



(4.11) 



Tfcz = ^2 Vv 



M=l 



uzujdzu 



1 < kj < m 



kiU^lj 



is an 



element of D (H nm ) . 



Proof. It follows immediately from Proposition 4.2. □ 

Now we consider invariant differential operators on the Siegel-Jacobi disk. Let 
D n = {W E C ( "' n) \W=*W, I n - WW > } 

be the generalized unit disk. 

For brevity, we write D„ im := D„ x C.( m ' n \ For a coordinate (W,r)) E 0„ im with 
W = (w uu ) E D n and r] = (r) kl ) E C^ n \ we put 

dW = {dw^ u ), dW = (dw^v), 
dr] = (drj M ), dfj = (dfj kl ) 



and 



d 

dW 



1 + <W ^ 



<9u> 



/«/ 



d 



1 + <W d 



Ul' 



dw 



yw 



d_ 






\ <9r;i„ ' ' ' d»? m „ / 



dfj 



drill ' ' ' <9^7rj 



^1* 



-9-1 
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We can identify an element g = (M, (A,/i; k)) of G J , M = I „ „ J G Sp( 
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with the element 



of Sp(m + n, '. 
We set 



(A B A^-B 1 ^ 
A I m /i k 

COD C^-D'X 

\0 J m / 



V 2 y'-'m+Ti ^Im+n 



We now consider the group Gj defined by 



Gt := t: v g j t*. 



\ig = (M, (A,//; k)) G G j with M = ( B j G Sp(n,R), then T^" 1 ^* is given by 
(4.12) T-VT, = g «;) , 



where 



^% * 



and P, Q are given by the formulas 



P \{Q\\ + iii)-P\\-iii)} 

\{\ + in) " 4 + if 

q ±{p'(a-^)-q'(ah-^)} 



(4.13) 

and 

(4.14) 

From now on, we write 

'P Q 



P = -{(A + D)+i(B-C)} 



Q = -{(A-D)-i(B + C)}. 



Q P) ' \2 <KX + i ^ 7 2^~^' _i 2 






In other words, we have the relation 



T^ 1 { [ c d ),(X,h;k)) T* 



P Q\ /l. x . . l. x . . .« 
Q P)'U (A + VX) '2 (A " VX); " , 2 



Let 



4 n ' mK ={(e^;C)U^eC^), CeC^', C + »7 *£ symmetric } 
be the complex Heisenberg group endowed with the following multiplication 

(Z,v,0°(e,v';C) ■■=(£ + ?, v + v'-X + C + ev'-v^'))- 
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We define the semidirect product 

SL(2n, C) x H^ m) 
endowed with the following multiplication 

r s) •«•";<>) •((£ s') •<«'•'/; O 

= {(r Q s)(r> tyAi+e.i+rfx+c+iw-fiw 

where f = £P' + r)R' and 77 = £Q' + r)S'. 
If we identify H^ with the subgroup 

{(£,£;*"«) I £ e C (m - n) , « e R (m ' m) } 

of H^ 1 , we have the following inclusion 

Gi c S?7(n,n) x H^ rn) c SL(2n,C) x if^' m) . 
We define the mapping : G J — > Gj by 

(4.15) b((£ *),(A,A*;/c)):=((| ^),Q(A + ^),^(A-^);-i| 

where P and Q are given by (4.13) and (4.14). We can see that if gi,g2 G G J , then 

eW = 8(9i)6( 52 ). 

According to [26j P- 250], G^ is of the Harish-Chandra type (cf. [TTj, p. 118]). Let 

9 * = \\Q PJ ,(yX,fX; K ' 

( ' P Q 

be an element of G^. Since the Harish-Chandra decomposition of an element ' 



,R S 
in SU(n, n) is given by 

P Q\__ fin QS- X \ [P-QS-'R 0\ f I n 

R S J " I I„ ) \ 5 J 1 S^i? /„ 



the P+-component of the following element 

In M 

J, 



»*•( In" ^ 1,(0,^0) ), !'/GD r 



1 „ 



of SL{2n, C) x P^ n ' m) is given by 

(4.16) ((£ ( W + «(« W ' + P »"),(0,(, + A,y + ,)(O W ' + P)-;0)). 



INVARIANT DIFFERENTIAL OPERATORS ON SIEGEL-JACOBI SPACE 21 

We can identify D nm with the subset 

{((o n iO' (M;0) ) \ WeB ^ igcmJ 

of the complexification of G*. Indeed, V> n ,m is embedded into P+ given by 

P * + = I ( ( 0* 4) ' ( °' ^ ; 0) ) I W = tW e C(n ' n) ' V G C(m ' n) } • 

This is a generalization of the Harish- Chandra embedding (cf. [XT] p. 119]). Then we 
get the natural transitive action of Gl on D nm defined by 

(4.i7) (t£ ^),(e,e;«))-(w;i7) 

= ((pvy + g)(Q^ + p)- 1 ,(r ? + ^ + l)(Q^ + p)- 1 ), 

where (^ ^ J 6G„(e C( m ' n \ «; G M (m ' m) and (^77) G D n , m . 

The author [30] proved that the action (1.2) of G J on H niTO is compatible with the 
action (4.17) of G^ on D H]m through a partial Cayley transform $ : D„ jm — > ^S- n ,m 
defined by 

(4.18) $(W/ 77) := (i(/„ + W){I n - W)-\ 2i V (I n - W)' 1 '). 

In other words, if go G G J and (W, 77) G D„ jm , 

(4.19) ^•^(W,r 7 )=$(^-(W,r7)), 

where g* = T^g^T*. $ is a biholomorphic mapping of lD n , m onto M ntm which gives 
the partially bounded realization of M. n ^ m by D n ,m- The inverse of $ is 

^-\n, z) = [in - u n )(n + ii n )-\ z(n + i/ n )- x ) . 

{Sl,Z):=$(W, V ). 

-W)~\ Z = 2ir 1 {I n -W)-\ 

d(I n - W)- 1 = (I n - W)- l dW (I n - W)- 1 

and 

In + (In + W)(I n ~ W)" 1 = 2 (I n - W)~\ 

we get the following formulas from (4.20) 



For 


(W, V ) 


G B n , m , we 


write 


Thus 










(4.20) 




tt = 


--i{In 


+ W) 


Since 
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(4.21) y = ^-(n-n) = (i n -wy 1 (i n -ww)(i n -wy 1 , 

(4.22) V = ^-(Z-Z) = r ] (I n -W)- 1 + r](I n -W)-\ 

(4.23) dtt = 2t(I n -W)- 1 dW(I n -Wy\ 

(4.24) dZ = 2tld7i + 7](I n -W)- 1 dw\(I n -W)- 1 . 



Using Formulas (4.18), (4.20)-(4.24), the author [31] proved that for any two posi- 
tive real numbers A and B, the following metric ds 1 nmAB defined by 



dsl ntm . A , B = lAtr^In-WWy'dWiln-Wwy'dW 

+ AB [tr((I n - WW)' 1 %drj) (3 \ 

+ tr UrjW - fj)(I n - WW)- 1 dW(I n - WW)' 1 \drf) 
+ tr( (r}W - rf){I n - WW^dWiln - WW)' 1 \dr]) 
-tr((J n - WW)- 1 ^ri{I n -WW)- 1 WdW{I n -WW)- 1 dw\ 
-tr(w(I n -Wwy^rjrjtln - WW~y 1 dW(I n -WWy 1 dW 

+ tr((I„ - WW)- U 7]T](I n - wwy 1 dw{i n - wwy 1 dw\ 

+ tr((J n - W)- 1 l r]r]W(I n - WWy 1 dW(I n - WWy x dW 

+ tr((/„ - wy\i n - w)(i n - wwy 1 l im{i n - wwy 1 

x (/ n - W)(i n - wy l dw{i n - wwy^w) 
-tr((/ n - wwy\i n - w^in-wy 11 !)^^ - wy 1 



dwiin-wwy^w) 



is a Riemannian metric on D nm which is invariant under the action (4.17) of the 
Jacobi group G^. 
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We note that if n — m — 1 and A — B — 1, we eet 
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^ ui Di,i;l,l 



dWdW 



'l-\W\ 2 ) 2 (1-\W\ 2 



- — , TTTinN dr/di] 

(1 + \W\ 2 )\r]\ 2 -Wt] 2 - Wr] 2 



1- W 



2\3 



dWdW 



+ 



rjW — r\ 



dWdrj + 



r/W — 1] — 



[1-\W\ 2 ) 2 ' (1 — |V^| 2 ) 2 

From the formulas (4.20), (4.23) and (4.24), we get 



dWdr]. 



(4.25) 

and 
(4.26) 



d 
dtt~ 


— (/„- 
2% v 


-W) 

d 
dZ 


[{( / "- H/ »»'}- 


1 \dv 



Using Formulas (4.20)-(4.22), (4.25), (4.26) and Lemma 4.1, the author [31] proved 
that the following differential operators Si and §2 on D njm defined by 

Sl = ,((,„- l ™)_(_ 



and 



tr ((/ n -W)T(/n-W)^|)A 

0\ ^_ d 



+ tr^ V -rjW)[^)(In-WW) — 



u —3\d 



+ fr[(T l - ll \Y)[(I n -WW) w )- 

tr ( V W(I n - WW)' 1 V(J:) {In ~ WW)^ 
- tr I r/lU(/ n - TFiy)" 1 *77 ( — J (/ n - WW) ^ 



dr/ J dr\ 

-tr ( 77(4 - ti JVr u v (iz) {i n -ww) ° 



dfj , 

-1 tr ( //Trrri/,, -Tnrr 1 '?? ( — 



dr/ 
WW)§- 
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are invariant under the action (4.17) of G%, The author also proved that 

(4-27) A D „ im;A , B := 1§ 2 + !§! 

is the Laplacian of the invariant metric dsjjj . AB on B> n ,m (cf. |3Tj). 

Proposition 4.3. T/ie following differential operator on B) n ,m defined by 



(4.28) K n = det(/ n - WW) det . , 

c/77 \a77 

zs invariant under the action (J^.ll) of ' G'\ on D n , m . 

Proof. It follows from Proposition 4.1, Formulas (4.21), (4.26) and the fact that the 
action (1.2) of G J on EI„ jm is compatible with the action (4.17) of Gl on D n>m via the 
partial Cayley transform. □ 

Proposition 4.4. The following matrix-valued differential operator on D„ im defined 
by 

(4.29) T D := (-^] (I n -WW) d 



\drj J dr] 

is invariant under the action (J^.ll) of ' G'\ on D n , m . 

Proof. It follows from Proposition 4.2, Formulas (4.21), (4.26) and the fact that the 
action (1.2) of G J on EI„ jm is compatible with the action (4.17) of Gl on D njm via the 
partial Cayley transform. □ 

Corollary 4.2. Each (k,l)-entry T^ o/T D given by 



n I n \ 02 



(4.30) T® = J2 [ h ~ 52 W * W *) J-^T' * < M < ™ 

zs a G^ -invariant differential operator on D niTO . 

Proof. It follows immediately from Proposition 4.4. □ 

For two differential operators D\ and D 2 on EI n)rra or B> n>m , we write 

[D 1 ,D 2 ]:=D 1 D 2 -D 2 D 1 . 
Then 

(4.31) M 3 = [Mi,M 2 ] = MiM 2 - M 2 Mi 

is an invariant differential operator of degree three on M nim and 

(4.32) F kl = [K, T kl ] = KT M - T W K, 1 < k, I < m 
is an invariant differential operator of degree 2n + 1 on H nm . 
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Similarly 

(4.33) § 3 = [Si,S 2 ]= §i§ 2 -§2§i 

is an invariant differential operator of degree three on D nm and 

(4.34) Q kl = [K D , T»] = K D T° - T£,K D , 1 < fc, I < m 
is an invariant differential operator of degree 2n + 1 on D n>m . 

Indeed it is very complicated and difficult at this moment to express the generators 
of the algebra of all Gf-invariant differential operators on D nm explicitly. 



5. The Case n — m — 1 

We consider the case n — m—1. For a coordinate (co,z) in T ljl5 we write ui = 
x + iy, z = u + iv, x,y,u,v real. The author [27] proved that the algebra Po^ \ is 
generated by 

q(u,z) = -ujuJ= -{x 2 + y 2 ), 

£(u>, z) — zz = u 2 + v 2 , 

4>(cu, z) = -Re (z 2 uj) = - (u 2 — v 2 )x + uvy, 

ip(oj, z) = - Im (z 2 ZJ) = — (y 2 — u 2 )y + uvx. 

In [27], using Formula (3.11) the author calculated explicitly the images 

D 1 = e 1 , 1 (q), I>2 = e 1 , 1 (0, D 3 = Q 1A (<P) and D 4 = By^) 

of g, £, and if) under the Halgason map 01,1. We can show that the algebra D(M 11 ) 
is generated by the following differential operators 

2 / d 2 d 2 \ 2 / d 2 d 

D 1= y 2 [ — + —)+ v 2 



dx 2 dy 2 J \ du 2 dv" 2 

d 2 d 2 



( 



+ 2yv — — + 



\ dxdu dydv 



D2 = y[-5-* + 



d 2 d 2 



du 2 dv 



d ( d 2 d 2 \ „ 9 d 3 



D,=y 2 Tr[^-T^) ~2y 2 



dy \ du 2 dv 2 J dxdudv 

4 + 1 ) fl2 
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and 

dx \ dv 2 dv? J dydudv 

~ v Tu D - 

where r = x + iy and z = u + iv with real variables x, y, u, v. Moreover, we have 

2 d ( d 2 d 2 



D 1 D 2 -D 2 D 1 = 2y z — 



dy \ du 2 dv 2 
d 3 ( d 



oxouov V ov 



In particular, the algebra ©(HI^i) is not commutative. We refer to [TJ ET] for more 
detail. 



Recently Hiroyuki Ochiai [15] proved the following results. 
Theorem 5.1. We have the following relation 
(5.1) 2 + ^ 2 = g£ 2 . 

This relation exhausts all the relations among the generators q, £, <p an d ^ °f P°h i ■ 

Theorem 5.2. We have the following relations 

(a) [D U D 2 ] = 2D 3 

(b) [D 1 ,D 3 ]=2D 1 D 2 -2D 3 

(c) [D 2 ,D 3 ] = -D 2 

(d) [D i ,D 1 } = 

(e) [D 4 ,D 2 ]=0 

(f) [D 4 ,D 3 ] = 

(g) D 2 + D 2 = D 2 D l D 2 

These seven relations exhaust all the relations among the generators D 4 , D 2 , D 3 and 

D A ofB(U ltl ). 

We can prove the following 
Theorem 5.3. The action ofU(l) on Pot[[ is not multiplicity-free. 

Finally we see that for the case n = m = 1, the seven problems proposed in Section 
3 are completely solved. 



INVARIANT DIFFERENTIAL OPERATORS ON SIEGEL-JACOBI SPACE 27 

Remark 5.1. According to Theorem 5.2, we see that _D 4 is a generator of the center 
of U)(Wi t i). We observe that the Lapalcian 

Ai iM) b= jD x + 1d 2 (see (4.8)) 
of (Hi^, ds\ i-ab) does not belong to the center of D(H.i t i). 



6. The Case n — 1 and m is arbitrary 

Conley and Raum [5j found the 2m 2 + m + 1 explicit generators of D(H lm ) and 
the explicit one generator of the center of B(IHI ljm ). They also found the generators 
of the center of the universal enveloping algebra of ii(g J ) of the Jacobi Lie algebra 



m(m+l) 
2 



g J . The number of generators of the center of it(g J ) is 1 + 

According to Theorem 3.2, Pol^ is generated by 

(6.1) q{u,z) = tr(waJ), 

(6.2) a kp (u,z) = Re (z^)^ = Re(z k z p ), 1 < k < p < m, 

(6.3) 0i q (u,z) = Im (z^)^ = lm(ziz q ), 1 < I < q < m, 

(6.4) fk P {u, z) = Re (zU z)k P = Re (uzkZ p ), 1 < k < p < m, 

(6.5) g kp (u,z)= Im (zuJ t z)k p = Im (jHZkZ p ) , 1 < k < p < m, 
where w6Ti and z G C m . 

We let 

a; = x + iy € C and z = *( / 2i, ■ • • , z m ) G C m with z k = u k + iv k , 1 < k < m, 

where x, y, Ui, v%, ■ ■ ■ , u m , v m are real. The invariants q, a kp , 0i q , f kp and g kp are ex- 
pressed in terms of x, y, u k , Vi (1 < k, I < m) as follows: 

q(u,z) = x 2 + y 2 , 
a kp (u, z) = u k u p + v k v p , 1 < k < p < m, 

(3l q {0J, Z) = U q Vl - UlV q , I < I < q < 771, 

f kp (uj,z) = x{u k Up-v k Vp)+y(u k v p + v k Up), 1 < k < p < m, 

g kp (u,z) = x{u k v p + v k u p )-y{u k u p -v k v p ), 1 < k < p < m. 

Theorem 6.1. The 1 + "^™ + -* relations 

(6-6) fl p + g 2 kp = qa kk a pp , 1 < k < p < m 

exhaust all the relations among a set of generators q, a kp , (3i q , f kp and g kp with 1 < 
k < p < m and I < I < q < m. 
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Theorem 6.2. The action ofU(l) on Pol\ )Tn is not multiplicity- free. In fact, if 

Poh, m = ^ m a a, 

<T6t/(l) 

then m a = oo. 

Problem 1, Problem 2, Problem 4, Problem 5 and Problem 7 were solved. Problem 
3 can be handled. Finally Problem 6 is unsolved in the case that n = 1 and m is 
arbitrary. 

7. Final Remarks 

Using G J -invariant differential operators on the Siegel-Jacobi space, we introduce 
a noton of Maass-Jacobi forms. 

Definition 7.1. Let 

r n ,m := Sp(n, Z) x H£' m > 
be the discrete subgroup of G J , where 

H^ m ' = < (A,/i; k) E H^ ,m ' | A,/i, k are integral \ . 

A smooth function f : M. n ^ m — > C is called a Maass-Jacobi form on EI njm if f satisfies 
the following conditions (MJl)-(MJS) : 

(MJ1) f is invariant under T nm . 

(MJ2) f is an eigenfunction of the Laplacian A 1l)m] A,B (cf. Formula (4-8)). 

(MJ3) f has a polynomial growth, that is, there exist a constant C > and a 
positive integer N such that 

\f(X + iY,Z)\<C\p(Y)\ N as detF — > oo, 

where p(Y) is a polynomial inY = (yij). 

Remark 7.1. Let O* be a commutative subalgebra o/D(H fljm ) containing the Lapla- 
cian A n ,m;A,B- We say that a smooth function f : M n>m — y C is a Maass-Jacobi 
form with respect to O* if f satisfies the conditions (MJ1), (MJ2)* and (MJ3) : the 
condition (MJ2)* is given by 

(MJ2)* / is an eigenfunction of any invariant differential operator in D*. 

It is natural to propose the following problems. 
Problem A : Find all the eigenfunctions of £± n ,m;A,B- 
Problem B : Construct Maass-Jacobi forms. 
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If we find a nice eigenfunction of the Laplacian &- n ,m;A,Bi we can construct a 
Maass-Jacobi form /^ on H njm in the usual way defined by 

(7.1) A(a^):= E 0(7" (^^)), 

7Gr$- m \r n , m 



where 

c = o 



is a subgroup of T nm . 

We consider the simple case n — m — 1 and A = B = 1. A metric ds 2 ^ x on Hf^i 
given by 

<^ s i i-i i = o. — ( dx 2 + dy 2 ) + - ( du 2 + dv 2 ) 

yi y 

2v 
— — (dxdu + dy dv) 

yl 

is a G J -invariant Kahler metric on IH[ 1;1 . Its Laplacian A 11;11 is given by 

<9 2 <9 2 



Al,l ; l,l = r 7T-2 + 

\ ax 2 

+ (y + ^ 2 ) 



<9x 2 <9y 2 

<9 2 <9 2 



9m 2 <9-u 2 



. d 2 d 2 

+ 2yV T^TT- + 



dxdu dydv 

We provide some examples of eigenfunctions of A^i^i. 

(1) h(x,y) = y* K s _i(2ir\a\y) e 2max (s G C, a ^ 0) with eigenvalue s(s — 1). Here 



KJz) :-- 



1 f°° ( z "1 

-y exp[--(t + r 1 )}t- 1 d*, 



where Rez > 0. 

(2) |/ s , y s x, y s u (s G C) with eigenvalue s(s — 1). 

(3) y s v , y s Mf , y s xf with eigenvalue s(s + 1). 

(4) x, y, u, v, xv, uv with eigenvalue 0. 

(5) All Maass wave forms. 



Let p be a rational representation of GL(n, C) on a finite dimensional complex 
vector space V p . Let .M G IR( m ' m ) be a symmetric half-integral semi-positive definite 
matrix of degree m. Let C°°(M. ntm , V p ) be the algebra of all C°° functions on H nim 
with values in V p . We define the | P; x-slash action of G J on C°°(lHI njm , V p ) as follows: 
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EfeC°°(M njm ,V p ), 

f\ p>M [(M,(\,tl-,K)m,Z) 

(70) ■= p -2iritr{M[Z+\n+fj](Cn+D)- 1 C) 2nitr(M(\n t \ + 2\ t Z + K + Li t \)) 

x P (cn + D)- x f{M -n,(z + xn + ^(cn + d)- 1 ), 

where I ~ n J G Sp(n,M) and (A, p,; k) G H^ 1 . We recall the Siegel's notation 

a[(3] = t f3af3 for suitable matrices a and /3. We define H> Pi m to be the algebra of all 
differential operators D on H n)TO satisfying the following condition 

(7-3) P/)Ip^M=-D(/Ip^M) 

for all / G C°°(lrl n)m , V p ) and for all g e G J . We denote by ^ p ,x the center of U> p> m- 

We define an another notion of Maass-Jacobi forms as follows. 

Definition 7.2. A vector-valued smooth function <fi : EI„, im — y V p is called a Maass- 
Jacobi form on M. nyin of type p and index M. if it satisfies the following conditions 
(MJl) pM , (MJ2) P)M and (MJ3) pM : 

(MJl) pM (J>\ p> m[j] = <\> for all 7 G T n>m . 

(MJ2) p j^i f is an eigenfunction of all differential operators in the center Z p ^ 

ofB pM . ■ 
(MJ3) p ,m f has a growth condition 

<P(n,Z) = 0(e adetY -e 2 ^ M ^ Y ^ 

as det Y — y 00 for some a > 0. 

The case n — 1, m — 1 and p = det fc (fc = 0, 1, 2, • ■ ■ ) was studied by R. Bendt 
and R. Schmidt [lj, A. Pitale [16] and K. Bringmann and O. Richter [3]. The case 
n = 1, m =arbitrary and p = det (k = 1,2, •••) was dealt with by C. Conley 
and M. Raum [5]. In [5] the authors proved that the center Z det k M of D dct fc M is the 
polynomial algebra with one generator C k,M , the so-called Casimir operator which is a 
| det fe ^-slash invariant differential operator of degree three. Bringmann and Richter [3] 
considered the Poincare series Vk,M (the case n = m = 1) that is a harmonic Maass- 
Jacobi form in the sense of Definition 7.2 and investigated its Fourier expansion and 
its Fourier coefficients. Here the harmonicity of Vk,M means that C k,M Vk,M — 0, 
i.e., Vk,M is an eigenfunction of C k,M with zero eigenvalue. Conley and Raum [5] 
generalized the results in [TB] and [3] to the case n — 1 and m is arbitrary. 

Remark 7.2. In [2], Bringmann, Conley and Richter proved that the center of the 
algebra of differential operators invariant under the action of the Jacobi group over a 
complex quadratic field is generated by two Casimir operators of degree three. They 
also introduce an analogue of Kohnen's plus space for modular forms of half-integral 
weight over K = Q(i), and provide a lift from it to the space of Jacobi forms over K . 
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